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Abstract 

We consider the open superstring ending on a D-brane in the presence of a constant 
NS-NS B field, using the Green-Schwarz formalism. Quantizing in the light-cone gauge, 
we find that the anti-commutation relations for the fermionic variables of superspace 
remain unmodified. We also derive the unbroken supersymmetry algebra living on the 
D-brane. This establishes how the Moyal product is extended in a superspace formula- 
tion of non- commutative field theories. The superfield formulation of non-commutative 
supersymmetric field theories is briefly considered. 



1 Introduction 



During the last years, there has been remarkable progress in understanding the dynamics 
of supersymmetric gauge theories and string theory. In fact, both fields have benefited 
from each other, in elaborate and beautiful ways. Recently, a new connection between 
them has arisen: string theory backgrounds with a constant NS-NS B field correspond, 
in the Sen-Seiberg limit ||, to non-commutative gauge theories fl], p[. The dynamics of 
these theories appears up to now quite mysterious, in particular at distances comparable to 
the non-commutativity scale. Looking back to the examples of ordinary supersymmetric 
gauge theories, it seems quite possible that supersymmetry will provide strong constraints 
on the dynamics of these non-commutative field theories. 

Therefore, it seems worthwhile to analyze how supersymmetry is realized in these 
theories. To this end, we would like to work in a context where supersymmetry is as man- 
ifest as possible. For certain numbers of spacetime dimensions and supersymmetries, one 
can construct a superspace and superfield formalism for ordinary supersymmetric field 
theories. It is very likely that a similar construction is available for non-commutative 
supersymmetric field theories, where some additional fermionic variables promote a given 
manifold to a supermanifold. But then, as a mathematical question in the context of 
non-commutative geometry, one could imagine different consistent deformations of the 
fermionic anti-commutation rules. For example, a possible deformation of the multiplica- 
tion between fermionic coordinates of superspace could be 

f(P)*g{0) = e^^W?f(9)g(9%= e ,, (1) 

where A a/3 is symmetric. An explicit deformation of N — 1 superspace in two dimensions 
has been considered in [|J. Quantum group like deformations may also be envisaged. 
To find out what happens in string theory is one of the purposes of this letter. 

In previous papers [[], [7|, [8], 0], the quantization of an open string ending on a D-brane 
with a constant NS-NS 5-field background was carried out in the RNS formulation. 
The result was that the spacetime coordinates on the world-volume of the D-brane were 
non-commutative. In this paper we analyze the same situation, but with the string 
formulated in the Green-Schwarz language^. We will take advantage of the manifest 



spacetime supersymmetry in this formalism to obtain the anti-commutation relations for 
the Grassmanian variables 9 of superspace, in a situation where the bosonic coordinates 
X do not commute. The result is that the fermionic coordinates are undeformed, and have 
the same anti-commutation rules on the brane. Also, we will derive the supersymmetry 
algebra living on the D-brane and verify that its structure is not modified. Hence, if 
we want to work with superfields evaluated on flat superspace, their non-commutative 



^^The analysis of D-branes from the Green-Schwarz superstring, without a background -B-field, has 
been considered in O, n2[ 
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associative *-product reduces to the ordinary anti-commuting product for the fermionic 
variables 9 of superspace. 

The paper is organized as follows. We start in section 2, reviewing the construction of 
the Green-Schwarz (GS) superstring action in a general type II supergravity background; 
after that, we deal with the case of interest: a flat background with a constant NS-NS 
B field, where the D-brane boundary conditions are established and solved. In section 3 
we carry out the light-cone quantization of the GS superstring; we compute the unbro- 
ken supersymmetry algebra living on the world-volume of the D-brane, finding the same 
structure as in the ordinary (commutative) theories; we also show how the appearance of 
the Moyal product can be understood from the oscillator quantization method. Finally, 
in section 4 we introduce the notions of superspace and superfields in non-commutative 
geometry. The WZ model is discussed as an illustrative example, and we observe that the 
perturbative non-renormalization theorem for the F-term is still valid. 



2 D-branes in the Covariant Green-Schwarz 
Formalism 

2.1 Green-Schwarz Superstring in a general Type II background 

The first thing we need to know is how the GS superstring couples to the .B-field. In this 
subsection we review the construction of [13], which ensures a k- invariant action. 

Let us start by setting up some conventions. The ten dimensional M = 2 superspace 
is a supermanifold of dimension (10|32). Since we will first present the GS superstring 
propagating in a general type II supergravity background, we denote by Z— = (X^, 9 m ) 
its local coordinates and by A = (a, a) its target space tangent indices. Underlining an 
index indicates that it is 10 dimensional 0. The super-vielbeins are denoted by Em_—. The 
fermionic variables 9 are spacetime spinors and consist of two Majorana-Weyl spinors. 
In type IIA superspace, these spinors carry opposite chiralities, which can be combined 
into a single 32 component Majorana spinor; while in type IIB they are of the same 
chirality. We will use the fermionic index a for both cases. In type IIA, it is a 32 
dimensional spinor index, while in type IIB it is understood to be a composite index of 
a Majorana spinor index (32 dimensional) and an 5*0(2) doublet index acted on by the 

2 We are following basically the notation and conventions of jl4j for the super-embedding, except that, 
in order to simplify the notation, we will not distinguish whether a fermionic index is 10 dimensional or 
(p + l)-dimensional (for a Dp-brane) and so we will not underline the fermionic indices. This is sufficient 
for our purposes, as we will not need to split the 10-dimensional T-matriccs into those appropriate for 
the (p + l)-dimensional submanifold. All the T-matrices in this paper are the ten dimensional ones 
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Pauli matrices. Chiral projection operators should be inserted in appropriate places to 
reduce the Majorana indices to Majorana-Weyl ones. 

The covariant K-symmetric action for the N = 2 superstring in a supergravity back- 
ground takes the form |T3| 

^7 / d\ {V^ggVE+Efra* - ^E^E^Bab} , (2) 



2na 

where is the metric of the world-sheet, e 01 = 1, r] a b = diag(— ,+,..., +) is the lOd 
Minkowski spacetime metric and the pull-back super-vielbeins are 

Ei~ = diZ—EM~ = {Ei~, Ei a ). (3) 
What is relevant for us is the second term in (0), the pull-back of the 2-form superfield 

B = ±EB-EABab, (4) 

which is the (local) potential of the closed super 3-form H = dB of type II supergravity. 
Since we will consider world-sheets with boundaries, properly there are also the vector 
superfields A with super symmetric couplings to the string fl4j] . But in order to simplify 
the discussion, and without any loss of generality for the case of constant B-field, we 
confine to the gauge where A is zero. 

The action (|2|) is invariant under the K-symmetry: 

5 K z* = 0, 

5 K Z a = l«f(£)(l + r) 7 ", (5) 
with the definitions 5 K Z— := 5 k Z—Em_— and 

(rV = ^=^{eae 3 ^p 

P = (Fn (IIA) 

Wa (IIB) ■ W 

Note that Tu acts on the 32-component Majorana index, while 03 acts on the SO (2) 
doublet index of the two 16-component Majorana-Weyl spinors of type IIB. 

The constraints which follow by demanding K-symmetry invariance of (0) correspond 
to the ones of the lOd M = 2 supergravity multiplet There are the constraints on 
the torsion super two-form, 

T a p- = —2i(T-) a p , 

T a b~ = 5f X a, (7) 
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and on the super three-form, 



Haff-y — , 

H a f3a = 2z(raQ) Q/ g (8) 
H a ab = (TabQx) , 



where 



Q = ( rn (IIA) (9) 

W X-CT3 (IIB) W 

and Xa is a spinor superfield |]TB| proportional to the dilaton superfield of the supergravity 
background, ie. \ ^ -^0- 



2.2 Constant B-field in Flat Spacetime 

We are interested in type II backgrounds with flat 10 dimensional Minkowski spacetime 
and a constant 5-field. In this case, the dilaton is constant and x = 0. With no distinction 
between curved and tangent indices, the torsion constraints (0) are satisfied by the flat 
space pull-back, 

E? = d % e a . (io) 

Equally, the 3-form constraints (S) are solved by the super 2-form Bab with the non-zero 
components 

B^v = constant , 

B~ Ea = i(r E Q9) a + iB^9) a , (11) 
Substituting the expressions fllOD and ( |TTD into the action (0), we find 

1 = ~i / d ^ iV^99 tJ ^^rv,u + 2ie»d i xa(e 1 r [L d j e 1 - Pr^e 2 ) 

^{O^d^WY^e 2 ) + PdiXUdjXZBg,}, (12) 

where we have introduced the more common notation (E^ — >) 11^ = diX^—i6 A Y6 A with 
9 A (A = 1, 2) the two Majorana-Weyl spinors of type II. We have also used in the above 
that r u = -1 for 6 l (+1 for 6 2 ) in IIA and a 3 = 1 for 6 1 (-1 for 6 2 ) in IIB. Since ([TO]) and 
([LI]) satisfy the constraints (|7|) and @, the action ([12]) is guaranteed to be ^-symmetric. 

Thus, we see that for a constant -B-field, the only effect on the action is the addition 
of the last term in dl2|) , the usual bosonic coupling to the target space. A coupling to the 
fermionic spacetime variables A would arise only if B were not closed. The couplings to 
boundary fields can be discussed using the D-brane vertex operators. 
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2.3 D-Brane Boundary Conditions 

We split the lOd indices \i = 0, 1, • • • , 9, into \i = 0, 1, • • • ,p for the directions longitudinal 
to the Dp-br&ne world- volume and //' = p + 1, • • • , 9 for its transverse directions. The 
components B^ v along the direction of the brane are non-zero in the chosen gauge A = 0. 
The remaining components, B^i, are set to zero by a gauge transformation. Since B^ u is 
constant, the equations of motion take the same form as in the case with zero 5-field, 

Ui ■ Uj - y ijg kl u k • n, = o , 
r ■ xiiPi^dkd 1 = o, 

r • UiP^dkO 2 = o, (13) 

di{^gg ij djX^ - 2iPj j gi k 6 1 T»d k 6 1 - 2iP + i ^ k 9 2 Y^d k 9 2 } = 0, 

where P±) = \{8) ± ^). 

For the boundary terms, however, the B field matters. In the world-sheet conformal 
gauge, with coordinates £ l = {r, er}, the variation of the action (|T2| ) requires the following 
boundary contributions to be zero: 

sx E (ri^ - iW-TyPrO 1 + ie 2 r t d T e 2 ) + 8x^d T x v B^ + i{e A Y t 5e A )n a n 
+id T x^{e l r E 56 l - 9 2 v^9 2 ) + (PrwWr E d T e 2 - e 2 vm 2 e l v ^e 1 )^^ = o. (u) 

The 5X terms and the 59 terms must vanish independently. Since 5X^ = 5rd r X^ ^ 0, 
the vanishing of all the 5X^ terms requires the following boundary conditions (a = 0, it): 

BrX"' = 0, n' =p+ 1,...,9, (15) 
d a X* + d T X v B v » = 0, fi = 0,...,p, (16) 
Pr^d* + d T )6 l + 9 2 F»(d a - d T )6 2 = 0. (17) 

We will comment on the last condition later. Using (fl"5|) and flllf) , the 59 terms reduce to 
(a = 0,7r) 

idvXf'^TfSe 1 + 9 2 Y I1 ,59 2 ) + id T X»[(l - B) tlv 9 2 Y lJ 59 2 - (1 + B) flu 9 1 T u 69 1 ) 

+6 2 T [i 56 2 6 2 rtd T 6 2 - 9 1 T [i 59 1 9 1 r^d T 9 1 . (18) 

This can be made to vanish if we relate the two Majorana-Weyl spinors at the ends of 
the open string, by imposing 

9 2 = T B 9 1 ata = 0,7r, (19) 

3 For convenience in the light-cone gauge, in section 3 we will take the 9-direction to be always longi- 
tudinal to the D-brane. 
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where is the matrix 



with 



e (i^r-r ll)(rn) ^ r o... P nA 

e (-lVr"^3)( (73 )^ j(72r o-. ! > IIB 1 ' 



^ilnfiil). (2D 



2 VI - B 



Indeed, let C be the charge conjugation matrix C defined by T^ T = — CT^C" 1 . The 
conjugate spinor 9 = 9 T C then satisfies 9 2 = at cr = 0, ir, where Tb = C^Y^C. It is 
easy to verify that 

t b t>* = -r^'iy (22) 

and 

f / 2yru\^t -pu-p-l TT A 

" \ {e 2Y °*y v T v T B \ IIB. 

In particular, since Tu = +1 for 9 2 (-1 for 1 ) in IIA and —a 3 = +1 for 9 2 (-1 for 6 1 ) in 
IIB, we have 

f B r^ 2 = (^f)" ,r^\ cr = o, 7r, (24) 

in both IIA and IIB. The relations (|T9j), Qjg) and guarantee that the first line of (0) 
vanishes. The second line also vanishes by using (|24]) twice. 

Observe that with the boundary condition (19), the action fll2"|) is now invariant under 
the spacetime supersymmetry transformations, 



5XH = il A T»6 A , 

58 A = e A (25) 
only when the constant spinors e A are related by 



e 



2 



IV . (26) 



One can easily verify that T 2 B = 1, and therefore the previous equation completely de- 
termines one Majorana-Weyl spinor in terms of the other. It only leaves 16 independent 
supersymmetry transformations linearly realized on the D-brane. These are exactly the 
ones found in |17 |, where the matrix T B appeared in the K-symmetry transformations for 
the super symmetric Born-Infeld action of a Dp-brane, in a background where the gauge 
invariant combination T = dA — B was non vanishing []. Here we derived the same con- 
dition from the open string. We also note that, for the particular case of the D3-brane, 
e 2 = —i sign(Pf(5))e 1 when B — > oo. The additional factor of i we have, as compared to 
0, is due to the Minkowskian metric. 



4 With the slight difference that our B^ v is their —iT^v due to our normalization of the B-field. 
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One can also check that the boundary conditions are compatible with the supersym- 
metry ([25]), fl2~6|). Supersymmetric variation of (|15D gives 

5X»' = ie A T fM 'e A = (27) 

using (|22|) ; while that of ([U|) gives 

5(d a X» + d T X v B^) = -2ie\B/{\ - B)Y u T u (d CF + d T )6\ (28) 

where we have used d a 6 2 = —Tsd^O 1 which follows from ( |T9"D and the equations of motion 
(|13|). Hence, the boundary conditions are supersymmetric if we also impose 

(d a + d T )6 l = 0, a = 0,vr. (29) 

This, together with (|T7|), gives 

- d T )9 2 = 0, a = 0, 7i. (30) 

Equations (|29| ) , (|30| ) are nothing but part of the equations of motion in light-cone gauge 
and thus imposing these boundary conditions is consistent with light-cone gauge fixing. 



3 Light-Cone Gauge 

The covariant quantization of the Green-Schwarz superstring encounters serious obstacles. 
On the other hand, the quantization in light-cone gauge is as straightforward as in the 
RNS formalism, with the advantage that spacetime supersymmetry is manifest. 

Taking the directions and 9 to be along the D-brane 0, the light-cone gauge is defined 

by 

X+(a,r) = x + + a'p + r, (31) 
T + 9 A = 0, A =1,2, (32) 

where X ± = ^(X° ± X 9 ) and = ^(r° ± T 9 ). Observe that © is compatible with 
the boundary condition (|19"D, assuming that B 0fJi = B 9fl = 0. 

3.1 Quantization 

In light-cone gauge, only an SO(8) symmetry is apparent. The surviving components of 


S A = ^+T-9 A (33) 
5 From now on, our discussion will only apply for p > 0. 
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are in the two inequivalent (same) eight-dimensional spinorial representations of spin(8) 
for type IIA (IIB), respectively. Our ten-dimensional T-matrices satisfy {r ti ,T u } = 2t/ u/ , 
with rf v = diag(— 1, !,...,!). We consider the particular realization (J = 1, 8) 



r ii 



-lie 






lie 

' lie 
-lie 



T 1 
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I 1 







I 1 - 

1 aa 


7 7 

/ aa 






J 
J 



J 



Is 
-1 8 



(34) 



where 7^ are the Clebsch-Gordan coefficients for the coupling of the three inequivalent 
eight- dimensional representations of spin(8) [ 10| . In this basis, the Majorana-Weyl spinor 
8 1 is given by f\ 

( \ 





S (l)a 

V J 

Then, the fermion boundary condition (|T9|) becomes 

S (2) = N . S (l) at a = 0, 7T , 

where 

N ab 

and 



for IIA 



(35) 

(36) 

(37) 
(38) 

In deriving these relations, we have taken advantage of Tn^ 1 = — 9 1 , in both type IIA 
and IIB, to insert Tn on the right hand side of Tb in (|l^) in order to convert p 01 -'^- 1 ) 9 

to p*- 8 . 

The SO(8) triality allows us to clarify the meaning of N. The boundary conditions 
for the bosonic fields can be written as usual, 



N ab = {e^ 3 ^-\ bl for IIB. 



dX I = M IJ dX J ata = 0,7r, 
with M IJ = (M ij ,M i,j ') given by 
1 - B^ ij 



M 13 



1 + B 



1. 



,P-1 



and M i,j ' 



(39) 



(40) 



M IJ is an 0(8) orthogonal matrix acting on the 8 V representation. The eight-dimensional 
orthogonal matrix N ab is the corresponding matrix acting on the 8 S representation of 
Let N db = {e2 Yi i~i K '^P'" 8 ) hbl be the one for the 8 C representation. They follow 

lLM IJ = N ab N ab ^ b . (41) 

6 To avoid possible confusion, we will adopt the notation of putting a parenthesis around the 5*0(2) 
indices A, when we want to refer to the eight-dimensional real spinors, S^ A \ of spin(8). 



9 



A similar relation can be written for IIA. Also, it is easy to verify that N is orthogonal, 

N ab N ac = 5 bc , Na b Nac = S bc . (42) 

In light-cone gauge, the superstring action (|I~2"D takes the very simple form 

Iu. = 7^7 / dcrdT i-(d T X) 2 + (d a X) 2 + 2d r X%X s B ij 

S 0)§ S 0) + ia'S^dS^} , (43) 

where we have introduced the left-moving and right-moving derivatives d = \{d T — d a ) 
and d = \{d T + d a ). The equations of motion ( ]T3] ) become the free equations 

ddX 1 = 0, dSO) = 0, dS^ = 0. (44) 

With the boundary conditions (|36|) and (39), the mode expansions of the fields are 7 
X\T,a) = xi + a'^T-plB/a) 

g— inr 

+\fa' ^2 (ia l n cos(na) — a J n Bj l sin(ncr)) , i — 1, • • • ,p — 1,(45) 

n^o n 

X l '(T,a) = xl + ^Y. < ——^Hn(y), i' = p r --,8, (46) 
SW( T -<r) = S ne~ in(T ~ a \ 

n 

S&>(t + <t) = Y, NS ne~ m[T+CT) - (47) 

n 

The Hamiltonian of the string in light-cone gauge is 

H = - \ - do {{d T Xf + (d a X? - ia'S^d^ + ia'S®d a S®} 
2np + a 2 Jo 

= W + A EK«in + «n«-n + ^nS^SlJ ) , (48) 

Z P \ 01 n^O J 

where = B^B^j, and we have introduced p l = p° Q {l — £>)/, a l n = a{(l — -£>)/, = a l n . 
The transverse momentum is zero and does not appear in the Hamiltonian. 

Following the methods of ||, for those modes living on the world- volume of the D- 
brane, one obtains the (anti) commutation relations 

[a&p>] = 2i(— L^y\ [pV] = 0, (49) 



7 The open string ends on the same D-brane. 
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[4,4]= w( T -^y\ (50) 

R> «m] = 2n<F6 n +m, (51) 

{'S'n, S'm} = fi ab $n+m, (52) 

KX] = = [<, S^] = 0. (53) 

The modification in the bosonic modes, x l and a l n , introduces the notion of non-commutative 
space for the world- volume of the D-brane, since one can verify that Q 

2Ha'( i ^)' J , a = a' = 
[X i ( T ,a),X'(T,o^] = j ^ia'^f, a = a> = n M 

0, otherwise . 

But the remaining commutation relations, involving the fermion operators S n , remain 
unmodified. We will discuss the consequences of this for the construction of superspace in 
non-commutative geometry in section 4. 



3.2 Unbroken Supersymmetry 



In this subsection, we will give a more explicit analysis of the unbroken supersymmetry 
living on the brane when B ^ 0. We will first identify the unbroken supercharges and 
then derive their supersymmetry algebra from the commutation relations (fi9|)-(|53|). 

To preserve light-cone gauge conditions (|3l|) and (^) under the supersymmetry trans- 
formations (p5|), we have to perform a compensating K-symmetry transformation. In order 
to present concrete formulae, we consider the case of type IIB and denote the supersym- 
metry parameters (with the convention that both have negative chirality, e 1 

by 



/ o 
o 

T j(A)a 
\ e (A)a 



\ 



J 



(55) 



The spacetime supersymmetry transformations (25) in light-cone gauge read 

1 



SS (l)a 
SS (2)a 

5X 1 = 



(l)o 



+ 



2p + rj 



(2)a 



+ 



/pi 



1 

(A)d 



(56) 
(57) 
(58) 



3 The same conclusion is reached if one follows the Dirac constrained quantization |Q. 
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The Noether supercharges for these symmetries are 

da 



Qi A > = J2p+ / — S {A)a , (59) 

V JO 71 

™ da 



g«* = -j^= r -dx's^L (60) 

or VP •'o 7r 

Q (2)d = ~t~tt r -Bx's^tL (61) 

a VP Jo 7T 

and they satisfy = NQ^\ The sixteen unbroken supercharges are generated by the 
linear combinations 

Q« : = l(Q« a + iV 6a Q (2)b ), Q d := ^(g (1)d + N bil Q^ b ). (62) 

Explicitly, 



ga = g(l)a = £a 

Q a = g {1)a = T ^E{7:,(5-n< + v / ^ 7 S V)+7^-„<'}. (63) 

Now, we can use the commutation relations (49)-(|53|) to compute the algebra of the 
unbroken supercharges. It takes the standard form 

{Q a ,Q b } = 2p + 5 ab , (64) 

{Q\Q"} = V2Y aaP \ (65) 

{Q\Q b } = 2H5 ab , (66) 



with H being light-cone gauge Hamiltonian (f48|). This shows that while the linear com- 
bination ( |B~^) of unbroken supersymmetry depends on the -B-field, the form of the super- 
symmetry algebra is not deformed by the i?-field. We will also discuss the consequences 
of this in section 4. 

But before doing that, let us comment on how supersymmetry is realized in the RNS 
formalism. The quantization of the RNS fermions ip l = (ip\ , ip % _ ) was carried out in [§, [J| 
and the following result was obtained @: 

{^ + (a)^{(a')} = n^5(a,a'), V<7, a' (67) 
W_{a)^_{a')} = ^5{a,a'), (68) 
{4(a), 4K)} = tt((1 + B)(1 - B)~ 1 ) i ^5(a, a'), a, a' on the boundary, (69) 

with the boundary condition 

4(1 + B)/ = 4(1 - B) 3 \ i,j = 0, 1, ■ • ■ ,p.. (70) 
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Note in particular that the ++ and commutation relations are not modified. The 

boundary condition relates the left and right-moving modes for each NS and R sector, 



di = dl{\-^) k \ ^(^pfV (71) 

and shows that fl67j ) implies ( j68| ) and fl6"9|). The zero modes of ( |67j ) in the Ramond sector 
form the usual Clifford algebra acting on the ground state and represent the unbroken 
supersymmetry on the D-brane. 



3.3 Moyal Product 

In this paper we use the oscillator quantization method to obtain our results. But the same 
conclusions are obtained if one uses conformal field theory methods. As was derived in 
TB[], the world-sheet propagator for the bosonic fields X acquires a crucial new logarithmic 



term in the presence of a constant 5-field. In the Sen-Seiberg limit, it is 

(x l (rMO)>=Mign(r), (72) 

which by the radial ordering prescription, gives 

[^(t),^)] = T (x\T + )x j (T) - x\T)x j (T + )) = (73) 

The leading OPE for normal ordered (i.e. finite) bosonic open string vertex operators was 
shown H U to become the Moyal product. 

On the other hand, since the fermion propagators satisfy first order differential equa- 
tions, they do not carry any logarithmic branch cut. It is true that their boundary 
conditions modify their OPE; for instance, in type IIB: 



0(^W r )0W( r ') A = 1,2 (not summed) , (74) 

r — t 

jvrab 

0«°(t)0 (2)6 (t') ~ -^-7- (75) 

T — T 

However, there is no modification of their anti-commutators, 

{§W\ 9^ b } = T (§^ a {T + )§^ b {r) + ^ A)a (r)9^ b (r + )) = (76) 

which agrees with fl52|) . 

Let us remark on how the Moyal phases come out in the oscillators quantization 
method. Consider the zero momentum Fock-space ground state of the open bosonic 
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string, 1 , 0) . The tachyon state |0, k) is obtained by the insertion in the far past of the 
tachyon vertex operator, located at the world-sheet boundary (take for instance a = 0) 

V (k;r) =:e ik - x{0 ' r) : . (77) 

Explicitly, the state is 

|0,Jfe) = lim e- iT V (t,T)\0,0). (78) 

Since Vo(k, r) is normal ordered, (|78f ) is just 

|0,Jfe) = e ife- *°|0,0). (79) 

Observe that ([79]) satisfies the intuitive property that in the absence of a B field, 

%k x + k 2 ) = e i{kl+k2) - xo \0,0) = e lkl - xo \0,k 2 ) = e ik2 - x °\0,h). (80) 

But when there is a constant background B ^ 0, the state (|75|) with momentum k will 
no longer satisfy the last three equalities in ( j30|) . Instead, the Moyal phase appears due 
to© 

lim e^Voih,^,^ = e ik2 - xo e ikl - xo \0,0) = e iklAk2 \0,h + k 2 ), (81) 

where k\ A k 2 '■— \® % ^k\^k 2 j. This explains the appearance of the Moyal phases in 
interaction vertices. For example, for the three tachyon vertex 

(0, h\V (k 2 , 0)|0, h) = (0, fcile^^lO, k 2 + k 3 ) = e tk2Ak ^(-h + k 2 + k 3 ). (82) 



4 Discussion: Superspace and Superfields 

We have derived that for the non-commutative supersymmetric quantum field theories ob- 
tained from string theory, the fermionic variables 9 continue to anti-commute. Motivated 
by this, we introduce the non-commutative superfield, $(x, 8), to be a local function 

$(x,9) = <f>(x) + 9\(x) + --- (83) 

Obviously, it continues to have a finite Taylor expansion in 9. The Moyal product for 
superfields evaluated on the supermanifold completely ignores the fermionic coordinates, 
i.e., 

$ J (x,0)*$ J (z,0) = e^ i ^^ J $ / (x,^)$ J (y,^)U =y (84) 
= cj)\x) * <f) J (x) + 6 [(f) 1 (x) * X J (x) + X T (x) * J (x)) + • • • (85) 
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In order to be concrete, let us focus on the case of 4d M = 1 supersymmetry []. It 
has supercharges {Q a ,Qa\ an d the supersymmetry algebra can be obtained by a conve- 
nient truncation of the lOd M = 1 supersymmetry algebra (|61D Q The realization of the 
supercharges as first order differential operators on the superspace {x, 6, 8} is the same 
as in the ordinary spacetime case. The same is true for the supersymmetric covariant 
derivatives, {D a ,Da}. Supersymmetry transformations are generated by the usual shifts 
of the superspace variables: 

9 -> 9 + f (86) 
x" -> x' 1 + ifl^f - if cr"0 , (87) 

and the same sort of supersymmetric field transformations are obtained. The only mod- 
ification comes from replacing the ordinary commutative product by the Moyal product 
for any product of x-dependent quantities. 

Superfields can be introduced as field representations of the supersymmetry algebra. 
For example, chiral superfields satisfy = 0. Supersymmetric invariant actions are 
constructed in the same way, as integrals in superspace of some x-dependent superfield 
expression. The most general Lagrangian that can be built from scalar chiral superfields 
takes the form 

C = J d6 2 d6 2 $) + j d6 2 W($) + h.c. (88) 

We will still refer to /C($, $) as the Kahler potential, simply because we still have the 
symmetry 

-> +F($) + F($). (89) 

It is easy to show that the auxiliary fields are nonpropagating and can be eliminated to 
give a supersymmetric action in terms of on-shell states only. This apparently differs from 
the situation in some higher derviative actions, e.g. in iV = 2 SYM with nonholomorphic 
corrections, where the auxiliary fields can become propagating. Q 

Observe that, for chiral superfields, one still has the powerful notion of a holomor- 
phic superpotential W($), which only requires a chiral ^-integral to be included in the 
Lagrangian. Also, one can formulate Feynman super-graphs for (PS|). All the quadratic 
divergences are cancelled out manifestly. It is easy to show that any perturbative quan- 
tum corrections to the effective action will be an integral over the whole superspace. 
Then, modulo the usual subtleties arising from massless fields, the perturbative non- 
renormalization of the F-term still holds for non-commutative supersymmetric field the- 

9 We follow the conventions of p9| . 

10 Properly, the algebra ( |(34| ) was derived in light-cone gauge. Here we extend its 4d J\f = 1 subalgebra 
to its covariant off-shell formulation. 

n We thank J. P. Derendinger for useful discussions and comments on this. 
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ories. Q It has been argued in |22] that noncommutative Wess-Zumino model is renor- 
malizable. 

Obviously, the most interesting case is non-commutative supersymmetric Yang-Mills, 
where the Ward identities of the non- commutative gauge symmetry and its sensitive 
embedding in a consistent superstring theory suggests that it is a well defined quantum 
theory. But we leave this issue for future studies. 

In this letter, we have shown that the manifestly supersymmetric formulation of the 
non-commutative supersymmetric field theories, obtained from string theory in flat space- 
time and constant 5-field backgrounds, shares a large number of the features in common 
with the ordinary supersymmetric field theories. The notion and construction of super- 
space and superfield is the same, without additional deformation of the fermionic variables 
9. In more general string backgrounds, one may get a more non-trivial "Moyal product" 
for the fermionic coordinates of the relevant superspace. It would be interesting to know 
which are the admissible "Moyal products" for a given supermanifold and whether and 
how they arise in string theory. 

Manifest supersymmetric formulations have proven to provide useful and powerful 
concepts, such as holomorphy and non-renormalization theorems, for analyzing different 
quantum aspects of the supersymmetric field theories. It is quite reasonable that a man- 
ifestly supersymmetric treatment of non-commutative supersymmetric field theories will 
also shed light on the dynamics of these theories. 
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